We introduce a probability distribution for polarization of three-dimensional quantum light fields as a marginal of the quadrature Q function for a three-mode field by removing the variables irrelevant for polarization ͑total intensity and global phase͒. The probability distribution turns out to be determined by projection on SU͑3͒ coherent states. We introduce a degree of polarization as the distance between the polarization distribution and the uniform distribution associated with completely unpolarized light. We study the relation between two-and three-dimensional polarization by considering field states with a component in the vacuum state. We apply this formalism to some relevant field states.
I. INTRODUCTION
Polarization is a fundamental ingredient of light, both in the quantum and in the classical domains. In the quantum regime this variable has been crucial for the experimental demonstration of fundamental issues such as entanglement, complementarity, quantum cryptography, teleportation, Bell inequalities, and precision measurements ͓1,2͔.
Although the electric field is by definition a threedimensional ͑3D͒ magnitude, most approaches to polarization assume two-dimensional ͑2D͒ transverse fields. This is because most problems in optics are addressed by considering plane-wave fields, where the longitudinal component vanishes. Moreover, polarization of harmonic waves is locally a two-dimensional phenomenon, since the electric field at each spatial point describes an ellipse contained in a plane.
Nevertheless, there are reasons justifying a threedimensional analysis of polarization. For example, for nonparaxial fields without a well-defined propagation direction the plane of the ellipse may vary from point to point. Also, plane-wave behavior and the vanishing of the longitudinal component are approximations ͓3͔. Moreover, quantum fluctuations affect the three field components even when they are in the vacuum state, so that quantum polarization is perforce a 3D phenomenon ͓4,5͔.
Up to now 3D polarization has been addressed by a generalization of the Stokes parameters and Stokes operators ͓5-13͔. In this regard, some previous works have discussed the limitations of polarization formalisms based exclusively on the Stokes parameters ͓14͔. These limitations arise because Stokes parameters are second-order field correlations, while higher-order correlations can be crucial, especially in quantum optics. For example, polarization squeezing is determined by the fluctuations of the Stokes operators rather than by their mean values ͓2,15͔.
In this work we address a quantum description of 3D polarization beyond Stokes parameters by introducing a probability distribution for polarization as a 3D extension of a previous 2D approach ͓14͔. Quantum physics impels the statistical description of polarization from the very beginning. The complete specification of a definite polarization state would require precise values of the Stokes variables. In quantum optics they become noncommuting operators so that no state can have a definite value for all of them simultaneously and a probability distribution is required to describe every polarization state.
As a suitable probability distribution for polarization we propose the marginal of the quadrature Q function of a threemode field obtained after removing the variables irrelevant for the specification of the polarization state, i.e., the intensity and a global phase ͑Sec. II͒ ͓16͔. We find that the polarization distribution for 3D fields is the projection of the state of the system on SU͑3͒ coherent states ͓17͔ ͑Sec. II and Appendix B͒. Among other properties, the SU͑3͒ coherent states are minimum uncertainty states for Stokes operators ͑Appendixes A and B͒ ͓5͔. This supports their use as reference states for the definition of a polarization distribution.
Furthermore, we introduce a degree of polarization as the distance of the polarization distribution to the uniform distribution associated with completely unpolarized light ͑Sec. III͒. This approach goes beyond definitions based on the Stokes parameters since the distance between distributions involves field correlations of all orders. A similar approach has been adopted for the assessment of fringe visibility ͓18͔.
We examine also the relation between the 2D and 3D approaches by considering field states with a field component in vacuum ͑Sec. IV͒. Finally we consider some examples of relevant field states illustrating this formalism ͑Sec. V͒.
Finally, for the sake of completeness in Appendixes A and B we recall some previous results concerning generalized Stokes operators for three-dimensional fields and some properties of SU͑3͒ coherent states.
II. POLARIZATION DISTRIBUTION FOR THREE-DIMENSIONAL FIELDS
In previous works dealing with quantum 2D polarization we have found it convenient to represent the statistical properties of field states by means of the quadrature Q function, *Electronic address: alluis@fis.ucm.es; URL: http://www.ucm.es/ info/gioq defined by projection of the system state on quadrature coherent states ͓14͔. This choice is motivated by the fact that, in sharp contrast to other quantum distributions known in physics, the quadrature Q function is always a true probability distribution and transforms properly under polarization changing transformations ͓16,20͔. Moreover, the Q function can be determined in practice by simple experimental procedures whose principles of operation can be understood even within a purely classical framework ͓21͔. To this end the schemes determining the Wigner function are also valid since Q is simply the convolution of the Wigner function with a Gaussian ͓16͔.
The 3D quadrature coherent states ͉␣͘ with a j ͉␣͘ = ␣ j ͉␣͘ are
with ͉n 1 , n 2 , n 3 ͘ being the number states and a 1 , a 2 , and a 3 the projection of the complex amplitude along Cartesian axes. The quadrature Q function is ͓16͔
where is the density matrix. We can derive a probability distribution for polarization if we remove from Q the degrees of freedom irrelevant for the description of polarization. These are the total intensity ͉␣ 1 ͉ 2 + ͉␣ 2 ͉ 2 + ͉␣ 3 ͉ 2 and a global phase, since only relative intensities and relative phases enter on the idea of polarization. After this removal we will get a distribution depending on four real variables. This is consistent with the fact that the specification of a classical polarization state in a threedimensional space requires four parameters: Two define the plane of the ellipse, and the other two fix the ellipse.
In order to remove the total intensity and the global phase it is convenient to express ␣ in terms of phase-angular coordinates in the form
where ϱജr ജ 0, ജ , Јജ 0, and 2 ജ ␦ , , Јജ 0.
The Jacobian of the transformation leads to
and d 2 ␣ = d␣ r d␣ i , with ␣ r , ␣ i being the real and imaginary parts of ␣, respectively.
With this change of variables, the quadrature coherent states ͉␣͘ can be expressed as
where ͉N , ⌫͘ are SU͑3͒ coherent states ͓17͔,
͑2.9͒
and ͉N − n͘ 3 , ͉m͘ 1 , ͉n − m͘ 2 are number states in the corresponding modes. In Appendix B we provide further details and properties of the states ͉N , ⌫͘.
The removal of r and ␦ in Eq. ͑2.2͒ leads to the Q function for polarization variables,
where
satisfies the resolution of the identity
͑2.12͒
where I is the identity. This procedure defines a legitimate probability distribution Q͑⌫͒ which is nonnegative Q͑⌫͒ ജ 0 and normalized ͐d⌫Q͑⌫͒ = 1. We can appreciate that Q͑⌫͒ is defined by projection of the field state on the SU͑3͒ coherent states. There are reasons that make this fact attractive and consistent with previous results. In Ref. ͓5͔ it is shown that the SU͑3͒ coherent states ͉N , ⌫͘ are the minimum uncertainty states for the Stokes operators with fixed total number of photons. Moreover, they are also maximally polarized states when the de-gree of polarization is measured in terms of the Stokes parameters ͓5͔. Therefore the SU͑3͒ coherent states can be regarded as the quantum states closer to represent a definite three-dimensional polarization state with fixed intensity.
The SU͑3͒ and SU͑2͒ coherent states can also be related to an operational approach to quantum polarization. In practical terms, we may say that the output of a linear polarizer ͑all the photons in a single mode and the rest of modes in vacuum͒ is as much polarized as allowed by the quantum theory. Then we can construct any other quantum polarized state by applying rotations and phase plates ͑i.e., arbitrary energy-conserving linear transformations͒. This leads precisely to the SU͑2͒ coherent states in a 2D approach and to the SU͑3͒ coherent states in a 3D approach.
This operational perspective agrees with the scheme for a direct determination of the polarization distribution Q͑⌫͒ that can be derived from the approaches analyzed in Ref. ͓23͔ in the context of spin systems. The idea is to measure the probability that all the photons are in a single mode after a SU͑2͒ or SU͑3͒ transformation. Some other similar procedures based on the measurement of the mode intensities after SU͑2͒ or SU͑3͒ transformations can be found in Ref. ͓24͔ . All these approaches allow the determination of Q͑⌫͒ without determining first the quadrature distribution Q͑␣͒, i.e., avoiding the complete reconstruction of the state of the system.
In the above analysis we have assumed the minimum number of modes ͑three͒ required to describe a threedimensional field. However, there would be situations where a larger number of modes can contribute to the field, for example when multiple beams cross the point of interest propagating in different directions. Next we show in brief that there is a generalization of the above approach to encompass such multimode situations. The starting point is provided by multimode quadrature coherent states ͉␣ 1 , ␣ 2 , ␣ 3 ͘ defining a quadrature distribution Q͑␣ 1 , ␣ 2 , ␣ 3 ͒, where the three multi-dimensional complex vectors ␣ j , j =1, 2, 3, denote the complex amplitudes of the coherent states of the modes contributing to the component j of the field. The relevant variables are the three components of the electric field along three Cartesian axes at the point of interest. These projections ␣ j are given by the sums ␣ j = ͚ ᐉ ␣ j,ᐉ where ␣ j,ᐉ are the components of ␣ j . In a first stage we can carry out a first removal of variables irrelevant for the specification of polarization by averaging Q͑␣ 1 , ␣ 2 , ␣ 3 ͒ over all the degrees of freedom different from ␣ = ͑␣ 1 , ␣ 2 , ␣ 3 ͒. The details of the procedure will depend on the particular number of modes. The result is an effective three-mode quadrature distribution Q͑␣͒. In a second stage we can perform the final removal from Q͑␣͒ of the variables irrelevant for the specification of polarization as described in Eqs. ͑2.3͒ and ͑2.10͒.
III. DEGREE OF POLARIZATION FOR THREE-DIMENSIONAL FIELDS
The above polarization distribution provides a very natural measure D of the degree of polarization for 3D fields as the distance between Q and the uniform distribution associated with fully unpolarized light ͓14,25͔,
͑3.2͒
It must be noticed that D is not bounded ϱϾD ജ 0. If a normalized degree would be required we might consider expressions such as D / ͑1+D͒, for example.
The inverse of ͐d⌫Q 2 ͑⌫͒ is a measure of the volume of the polarization space occupied by the function Q, so that the smaller the volume over which Q extends, the larger the degree of polarization. A similar strategy has been adopted in different areas ͓18,26,27͔.
According to Ref. ͓27͔ the SU͑3͒ coherent states ͉N , ⌫͘ are the states with larger ͐d⌫Q 2 ͑⌫͒ for fixed N. In our context, this implies that ͉N , ⌫͘ are the states with the maximum degree of polarization D for fixed intensity. The explicit calculation of D for ͉N , ⌫͘ is carried out in Sec. V.
Next we show that D is invariant under linear energyconserving transformation U of the complex amplitudes
where U j,k is a unitary matrix. This transformation maps coherent states into coherent states with different complex amplitudes ␣ = U␣ preserving the volume element
since this is a linear canonical transformation. The idea is to use Eq. ͑2.4͒ to transform this into the same equality for the polarization volume element. To this end we note that r = r.
Concerning the transformation of the ␦ variable, from Eq.
͑2.3͒ we get
␦ = ␦ + f͑⌫,U͒,
͑3.5͒
where f is a function of the polarization variables and the transformation. This relation holds because ␣ is just a function of ␣ but not of ␣ * . Since ␦ embraces ␦ completely, the other transformed polarization variables ⌫ = , Ј, , Ј do no depend on ␦,
These vanishing derivatives along with r = r imply the following for the Jacobian of the transformation of the polarization variables 
that demonstrates the above-mentioned invariance of the degree of polarization
valid for linear energy-conserving transformations U.
Concerning the practical determination of the degree of polarization, up to now we have found no practical procedure for a direct measurement of D. The only method currently available consists in the evaluation of the integration in Eq. ͑3.2͒ after the measurement of the polarization distribution Q͑⌫͒, for example as discussed in Sec. II.
IV. RELATION BETWEEN THE THREE-DIMENSIONAL AND TWO-DIMENSIONAL DEGREES OF POLARIZATION
It is natural to ask whether there exists a definite relation between two-and three-dimensional approaches to quantum polarization. To this end we should consider field states as close as possible to have a vanishing component, say a 3 , by assuming that the mode a 3 is in the vacuum state ͉0͘ 3 , 3D = 2D ͉0͘ 33 ͗0͉.
͑4.1͒
We can update the 3D polarization distribution by projecting the positive operator measure ͑2.11͒ on ͉0͘ 3 ,
where ͉N , ⍀͘ is a SU͑2͒ coherent state ͑2.9͒, leading to
͑4.3͒
This shows that the 2D distribution can be readily obtained from the 3D counterpart as a marginal by removing the Ј, Ј dependence
where the trigonometric functions come from the volume element ͑2.5͒. A closer relationship between Q 3D ͑⌫͒ and Q 2D ͑⍀͒ can only be obtained if we focus on field states with a definite number of photons in modes a 1 , a 2 . In such a case, for fixed N we get
Next we inquire about the relation between the degree of 3D polarization D 3D that naturally includes the fluctuations of the third dimension, and its 2D counterpart D 2D ͓14͔,
that ignores the fluctuations of the third dimension from the very beginning. Focusing again for simplicity in the case of fixed total photon number, we get from Eq. ͑4.5͒ that
and then
We obtain D 3D Ͼ D 2D ͑leaving aside the case N = 0 which corresponds to the vacuum state for which D 3D = D 2D =0͒. This result can be explained qualitatively as follows: When a fluctuating two-dimensional field is embedded in a larger dimension the relative amount of uncertainty must decrease since we know in advance that one of the field components vanishes ͓5,10͔. For example, two random uncorrelated field components of the same intensity are fully unpolarized light in a two-dimensional space but this is certainly not completely unpolarized light in three dimensions, since this would require three random uncorrelated components of the same intensity. This agrees with a similar analysis in terms of Stokes parameters ͓5,10͔.
V. SOME EXAMPLES
Next we apply the above definitions to some relevant field states.
A. One-photon states
The Hilbert space for one photon split between three modes is three-dimensional, being spanned by the photonnumber eigenstates ͉1,0,0͘, ͉0,1,0͘, and ͉0,0,1͘. Taking this as a basis, any density matrix can be expanded in terms of the Gell-Mann matrices ͑Appendix B͒ ͓6,8-11͔
where the coefficients of this expansion are the Stokes parameters. For N = 1 the states ͉N , ⌫͘ are
The Q function for the state ͑5.1͒ is
where the j ͑⌫͒ functions are defined in Eq. ͑B9͒. This leads to
This suggests that there should be a direct relation between D and the degree of polarization P defined in terms of the Stokes parameters and recalled in Eq. ͑A6͒ ͓5͔. Using Eq. ͑A6͒ and taking into account that the state ͑5.1͒ is an eigenstate of the total photon number S 0 , we get D =2P
2 . This relation arises in this case because every one-photon state is fully specified by the Stokes parameters. Such a relationship no longer holds for larger photon numbers.
B. Number states
For the number states ͉n 1 , n 2 , n 3 ͘ we get
͑5.6͒
It can be seen that for fixed N = n 1 + n 2 + n 3 the maximum of D is obtained when all the photons are in the same mode, ͑i. e., ͉0,0,N͘ , ͉0,N ,0͘, or ͉N ,0,0͒͘, with
that for large N scales as D Ӎ N 2 / 8. Actually, the states ͉0,0,N͘ , ͉0,N ,0͘, and ͉N ,0,0͘ are SU͑3͒ coherent states with Ј= 0 for the first one, Ј= , = 0 for the second one, and Ј= , = for the last one.
In Figs. 1 and 2 , we have represented Q͑⌫͒ for n 1 = n 2 =0, n 3 = 3, and n 1 =3, n 2 = n 3 = 0, respectively.
On the other hand, the minimum D occurs for the equipartition state ͉n , n , n͘ with the same number of photons in all modes n 1 = n 2 = n 3 = n. This example is interesting since all the Stokes parameters vanish ͗S j ͘ = 0 for j =1,…, 8. However, this is not an unpolarized state since the polarization distribution is far from being uniform as illustrated by Fig. 3 . This is conveniently reflected by the degree of polarization ͑5.6͒, and for large n we get
where N =3n is the total number of photons. The degree of polarization D never vanish, but increases with the number of photons. Nevertheless, this growing is lesser than for the states ͉0,0,N͘ , ͉0,N ,0͘, and ͉N ,0,0͘.
C. SU(3) coherent states
The SU͑3͒ coherent states are obtained from the photon number state ͉0,0,N͘ by a linear energy-conserving transformation as recalled in Appendix B. Therefore we can apply the invariance of D under linear energy-conserving transformations discussed in Sec. III to conclude that all the SU͑3͒ coherent states with the same N have the same degree of polarization in Eq. ͑5.7͒.
D. Quadrature coherent states
By using again the invariance of D under linear energyconserving transformations we can consider without loss of generality the quadrature coherent state ͉0,0,␣͘ which is a 
͑5.10͒
The graphical plot of this function is very similar to Fig. 1 that for large photon numbers n ӷ 1 scales as D Ӎ n 2 /8, which is the same scaling of the number states ͉0,0,N͘ in Eq. ͑5.7͒.
VI. CONCLUSIONS
We have presented a natural and consistent approach to the polarization of quantum three-dimensional fields. Due to the noncommuting character of quantum polarization variables, the polarization state must be described always by a probability distribution. We have obtained such a distribution as a marginal of the quadrature Q function for a three-mode field retaining just the polarization variables. We have found that the states providing the correspondence between quantum states and polarization distributions are the SU͑3͒ coherent states, that are the minimum uncertainty states for the generalized Stokes operators with fixed total number of photons.
We have introduced a degree of polarization as the distance between the polarization distribution and the uniform distribution associated with fully unpolarized light. The approach introduced here is superior to the standard definition in terms of Stokes parameters since it depends on field correlations of all orders. For example, it correctly assesses the polarization state of partially polarized light fields with vanishing Stokes parameters.
We have studied the relation between the 2D and 3D approaches to quantum polarization by considering field states with a component in the vacuum state. We have applied this formalism to some relevant field states such as SU͑3͒ coherent states, quadrature coherent states, and number states. 
͑A4͒
In the quantum domain, the Stokes parameters are the mean values of the Stokes operators ͓13͔
where a , a † are three-dimensional column and row vectors made of the complex amplitude operators and their Hermitian conjugates, respectively.
The generalized Stokes parameters allow us to introduce a degree of polarization for three-dimensional fields. Two alternatives are analyzed in Ref. ͓5͔ showing that the most appropriate in the quantum domain is the generalization to three dimensions of the two-dimensional proposal in Ref. 
͑A6͒
In Ref.
͓5͔ it is shown that the maximum degree of polarization P occurs provided that ⌬S 0 = 0 and a 1 ͉͘ ϰ a 2 ͉͘ ϰ a 3 ͉͘. ͑A7͒
This is satisfied only by the SU͑3͒ coherent states ͑B1͒.
ing the fulfillment of the resolution of the identity in Eq. ͑2.12͒. Furthermore, with this expression the scalar products between SU͑3͒ coherent states admit a very simple form, ͗N,⌫ 1 ͉N,⌫ 2 ͘ = ͩ 
